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where p(2),8(2) are \fo\jnomfk\s- Tre doman o de Bidmn &5
wereerr QD)+ 0.
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§2) = 2% = t2cos 2o+ ov? sin 26
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EXMAP\{_ We show that Lim 2% = - W"\M the definitoon .

Z2=2¢C
Proot. Let 270 Note 2% -(-0) = \2-01 12+l Euned

swppree o<l z-il e U Thea  |2ril= -0 20
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oL\%'%\<5"z =7 \%-'-3\)-"\”0\{%/2-
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Heace )y Wop = W,.
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Proot . e ‘x’uaLN’ “\eorw \'99}7’“\1“ wﬂ-‘l\ Um.d( Law s Lrom
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%
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of ‘u\%«f*», v e extertor o a arde C_\/(L(o) which

)
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LLIm.‘jrs ir\\mluH\5>

2o

where Z, or W, are alowed = be 0o, We slmp‘l\j N‘o\aw

\

Ch 2 Page 6
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(1) T+ A sz = O Thew Lim  $(2) =00

2%, 22 &,
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A /s,(/z) ) The é—rm $(2)= 00
Proot.
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5(2) Vs & V\L%uj\\\)orkoo& Y V2
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\ R . +z Y
JEP G A ‘/Z;/l(‘ﬁu):m (142 2" _ gy L))z

220 Wizt B 20 S

Continwows Functtons

7



Dedinition  ( Conrinnony Sr\mértor\s) A funadion & is continuous

ot 2. £
Lin L(2) = §(2)

> 2

T\\o& sy b Al 270) 1§70 sweh ‘H\u{'
1=\ 46 = \s®-506N)\2¢,

>

%
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Prost. Let 270 Choose 8—\70 swh  Ahat

\w- S| 4§ = ) g (@) - qsien)] g,
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\z-20 e b = Vs -5 () 2§
Now , 12-%| ¢ &, wgles | 90s() ~§(503d) 44,
n

Theotm | TH § % conbinuows oand nnzers  of 2 then there

°

pasks €70 swch Bt S F0 brall 2 e D, (2).

Proof. Suppose £ 4y coat ‘nvows sak  w 2ero at Zp. Thea

1Sl 70, Tuke &= \5(2al, Suppose F(D)=0 br sme
2

z € Dil%ﬁ. Then £\j wr}nuth Xt tp, (529
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The orem ((,on\"\mk»“\'j v Terns of Re §/Tnt) | Swppose  +hat

$(2) = W) Fuvlxy).



Then T contimuns ot Z =X, 0y, iF Ol\\\7 o5 both

W o\u\L N  Are con*;‘\\kokks ) (le‘j'g-

Proot. Folans frw feorm on Ahuils Siterws of  Re § [/t §.

W,

A subset ot € s comonck TE Y s dosed ank bownded - A
[

Sondrim F:r O —> 0 s bomded i F Hhere exists M 2O

SWh Hadr VHDVEWM e o\ 2 e N,

Theorem  (Extreme Vawe theoem) |TH Rois o compad et and

FR—0C 5 cntivws o R, fhen L ove waded omd wo\t\eres
s Do - CW\’L
Pﬁ)v*. T ’? S)' = \LU."Q Y \[L‘/‘MB ) CDV\J(\ o avs ’r\_e,« VN ,\I ) R‘—-’i‘?\
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sl = Wb«m‘ y Nyt o,

By Vedur cate | LS ® baak ank  aduiws s bowdl,
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D itferentioble  Fundtions

DC-P)M‘\'\‘DI\ (Dtr\\f!ﬂi\!e) S\xQ‘OOw the domain of  debinition o f

¥ WAt ans 0N O@e,v\ A\ESR D‘L (20\. T\\L ckarlvfﬁ'\va &‘F S’ Ud’ %,
s the  Limet

RN PO

-Z - 20 Zz - Zb '
When the Utk axdgs, FNs Jodferentt able | l_;ﬁ’r‘m:) bz =2 -2,
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W«
fl2.) = Am S(2o4D2)-F(20)
bT—o bz * /

Exo\mp\e $(2)=2%. We hwe
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) » Lwm (EFART - 2t - LT DR
bz o Lz DT A2

= L 2L + D2
DT o

7221

7/

Some +mes 5 Wi\ be  wnvenlerd © wse the  notattm
Aw= Y(z+az2)- §(2)

So it
g(zy= Kim i

D2 E

)

Examgle | Wheee 15 f(2)= 12| Mferentiable 2 Let 2 € €.

Compate.  Dw = \z2raz|? - 2l

= (z +D2)(2+02) — 1z

= /yfx- 2Pt +bTZ & b2D2 ’/w{?,

= LAz + D2Z x A2 AZ.

T\\JIV\ ,‘;.\;i—:: ZE.\.% ‘\_5—.

IAY A

Aoy e red ais B2 =27 . S0
A/\P
AT
a5 D2 o0 e wmit v 21+ 2. Pc\nul fle ;Mo.‘(’\ﬂ-w') 0TS |
At =-b1 30

= 2z % Z A2

Dw -
57 - 2 ¢ - DT

ks Dz =90 He Ihwaib s Z- 2. She i ane
\M}u«()wo_ ) \“'\’ &\ (9'\ —CK'T'J)U | Tun -2 = 2+ Z . tenee z-=0,
Doss  §'(0 ex T Wlew 2=0

M 2v _ lw A3 = o.

B30 2y AT D //

The Pmca&)mj &XAMP\C Show s Two é\xPPNSW\j Lacts:

(N 3 can oxist ab o s'mj\c pont ok nownere 2 lse
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VN R t\ekb\\}mr\\an.l ot that Pb‘.w\.
CON NOYE  Cont s purfhu\\ Aerodives  of

Sf\ does MJY xSt .
ol Tw (151*) =06, Y.

T § 3

(2) Re%/l'w\‘$'

Al oty ;o yed
Nite: N (V51) = xPry?

ProposT'Hon (D?‘Q-Qerer\ﬂ'\&o\e Tonctions  afe Col\Jr'th\Lo\as>
25 then £ % Gnrbinwes ot 2o,

)\I‘Y‘*U‘U\‘\\ able ak
Prooh. Swppose & v dbharenttde o 2, tlen

L (S,L%) “$lz)) = (l‘. w Y- Hz'ﬁ(klm 2-—29> = 0
2% ‘

292, 73 Z -3
—
Hect , Lin $02) = §(2). =7
293,
v
Propos‘&:on (Dﬁ-(fer(’.ﬂjr'u)d‘\'bl\ Laws) Suppose & M% are  AFerentiuble
ot 2. Thea
) f\% c =0 ,Yced
(2) }\%(L%uw = ¢ {3\(2) | Yced (CDI\SJ((AM Rule)
() 0{}‘2 2" = Y\%VH | vn €N ( Power Q\Ae)
(Sum  Rule)

(+) f\g (Slvg) - £+ ¢l2)
(Produdd Rule)

(5) Xfl% ($@3)) = §@4)t §(2)32)
A | SB (gl el y
@& ()= sy H2)sl) 4 (2370 {cgwhw>
% (2) Pule
P\_OO"'\
(s) CW\PVC{‘L

Aw = §(zroz)qlz+nz) - §(2)9(2)
t (z402) g (24 02) ~ {(x+032)9(2) + 5 (240D 9(e) - F(2)9l2)

§[r+m)(3(1+b%§f3(%)) v o) (§(2+62) -5()),

il



So Lim B2 = L Slzeaz) Liw §lErE) -4l

arz=o DT A2 0 bz 70 52
e L 52 - 305
S Dt qla) py 0 reE 30

Az FO A2=70 D 2

= {3 o' () + 4l2) (D).

Y/
v,

PFOPDSH'}D(\ (C}\(Mh R\L\&) S\)\()eb&& ’“\AJ(' ‘g' s fh“'[:@N/\J(ltwg\e (A‘( %o

onk & o Ndfaet e ok S (%) - Then 301} v5 AfHﬁl‘eI\‘l‘.‘uLlf,
Yoo \
SO e = g (sl 1 |

Pook, Swe  4'(5(%) exsts, thre eiﬁ oK Dg(5(3) o
\)\)f\'?u\l\ 9 39 )\04\!\1«& On S )\'ﬁk )\L-QM O “\»\u&(;‘(bn

Blwy = - 3BBD sy, (%)

w=- ¥(20)

Notse ‘é(f") = 0., Henee | @(w\ 16 comhuous ot ‘H%o\)

w-? *( 2,)
Rewptte (%) o5
(p 9l)-g(HBY) = (é(w) +5‘L4l7~b)) (w—%m)),

‘\)au)) Sikee % % con‘&\.(\\;.\»b aC\' %0 choose S—>o SWch Jt‘\M"'
12-204 & wmes  (s(2)-$el 4T At
§(He D, sz
Pow, when \%—13\45-, we n e w= S n (L) ad
vl by 2 -2s
SLEN) = 3812 (5 (519) » 5 (5(30Y) ($t2)- Had)
2“%0 %—%O
Tam, e Dt 292 ve ca,ajf

(5020 = (o & ' (5(2)) §'[2)
= o' (S13)) $(32),




Conch y Riemann © RN Ationg

Now , we derve the  Candvy —Riemann  Partial Lot ferenttal a%w\‘rfalks.
Swppose that  F(2)= wOy) + CVOUY) ank Bt §U(2) exigs.
\x)rﬁ}t\o) 2= X+iy onh DE = OX r0py , we wmpute

Mo W(xtx 9roy) piv(xenx,ytdy) - (& xg) + 2V 0x,9))
AT Dx ¥ DY

= wlbont way) ubed) w i vleex yrey) -y bis)
DX+ ¢ Dy Ax+ i by .
A\ou} e ved ok, Dyw=o so we %,o_—{— T
$Uz) = Lwm W) —wbd L YY) vk
Ax-=b D X% AX=7D T A%
= Wy (Y,‘ﬁ) ¥ o Vy b(:‘{b .

Mmb he \\*03\‘\”7 o DX =0 0 we get

$z) = B wOawd) —w e i V% gyl

- 3 - ) - \ _
- -\; \ku_‘ + % V‘~3 = \fj L\}m -t u"jb(l‘ﬁ) (’L = b)

So, shee Lmits 4 uuxbb,; we ca,,—(—

Wx + tVx = V%—L\Lj

Howe | conpre W) = Vybasy  Cosndy - Riemam
Fefim parT 3 L Wy b ==V () Eg a1

We 5\)\9( Pro\m& .

The ore m (Camo\\\j -Rieman Bgustions) S“Wbse Hhat

F(2) = wlw) + ovlxw)
1o Atferentiabe o 2= *+ly . Then



() e Ficg onder gl Atrivatives o W oanl U X Ttk
w&'-sfr) Yhe C_o\\ko\/\\y R emann (ii\mﬁ,\,
J U =V
1 Uy =~y

) §$'(2) = Wy (69) + 0 N (xgy) = V\jb‘.‘ﬁ) -0 V() //
The CQ‘%\MKHDL& ofe oo Necessaly codition For 5 bo exigt

We con use them o Locade some ‘m‘.ﬁo where the deriv arive

ZLo‘Lb Y\D+ LX\IS‘]‘ .

EXO\W\P\Q -Y—(-E)‘: lZ\l = )(Z‘l'\_j?’ r cO0 . }\)V}C \LL\/w‘ﬁ)"’_ xz+j1 apr \lb(;j):D/

We  hare oy Crg)= 2x NUylx 9y = 0
U\)ju.\s) = Ly Uy lopy=0
The CR-Riewand b%wd%&% \
SO X =0 04&9- =0.
2y = Wy = ng =0 l N
Do §(2) does wot il
29 = Wy = -\x =0, when 2 $0, /
Notet 4y doesnt Quuw Ak §'(9) exwts. /
The C(m\c\hj— Rle mam E%\w&.‘ov avre Mot sutbicent for the
exufene  oF fhe dertvative, oo the nexd exam le Shows, .

]

-7
= xam P\& S\’\?Qoﬁa t (2) = \i % ) e#o Then
% ) E=v

3 2
X—S%*g Lyl Y Lo
W (xy) = f xTry? ) ? '

o 5, ¥yy) =L(00

\_)3_?))(7-3 ) (,\‘1\5\)#(”/0)

Ok‘ML VU,\&) = .{ XLy

v ) b(I\a\)’, lo,o)‘
We sow that WV Sm‘Hﬂ'tj Yre CR-CL a 0.

3
. - WLo R XY _ D
R b~ S
DY-70 DX INETY-
X
T G B R
A:)-ao by

\ylo,2) = AQ,M v(otax, oY) = ulo
X—90 D x
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3
Ay
Vylo,e i,\g’ viojorap—vley _ W Tp -0 _
y=70 Ay by-yo DYy 0
Heonet Uglop) = | = \I\JLD,D)

“3(0,0) = 0= -0 = - VyL";DB
Sv CR—% AN sacl'k\b‘?’\d\ . But Ssl(") A,DQS \vo‘l’ 2xvet

(erer asc) . //

Theortm  ( Swthicied Conditton For D:fferentiahi Iihy) Suppose  Hat

§(2) = W9 +ivled) s debinel on o netghberhosd oA 2= x3ly.
T+ () the Firg order portial dertoattve s oF v v et
Qrerywhere  Ta the wetahborkood
() the Pm“ud dervdiVe s are b b oak sut sy Yhe
CR-equutin s ok (xy) ;
thew §(2) exgs  ank s gqiven by ) = g Gw) 4 ¢ vy (09).
Proot.  See the buok.

XeR, so vs e ugal Q_YFWN\M\ []

Example /L/ oy ¢ R 50 e,3 Y Jefhe) by Evders dirmdar

(Y (=)= a e = ¥ sy 4 s eXsh ,\3 Note Mok WUﬁ’D’E,X‘DSj
. vl @)= sin Y
he  cont s (\w‘k Wl eevatives on al oF RE. Vorg oo

Uy = e cosy = Uy
Uy = ~&’<s‘.f\\5= —Vx .
So CR-oq e setybid oper jWe =5 §(3) eists everywhere on
C .

() F() = B3P = Xy a0, Note  wivg)=xPay? ok
VY 9) = o. These have cont peows  Firstopder PM\'HA( Jery ufves
n a “&tsl\\)“ﬂ}w’)\ 0/% 0: W ¢ =12y VX=O

\kus= l\j \’\1=0 . - b
The Cu.\a»c)w, Riem. ey, afc sadtsied at 0 , &9 %\(03 a\ots

_n\a V\e_ccgy,\n,) ow)x 5\;&%’@?&& wlf\r)\tjrh\l\) CON \ac *‘I‘M\f;\d‘e)\ Iv\\'o
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\OD\OJ\ cornaile>. T F(=) - \k(ﬁ(—)\ o erlg\l Hen Yhe
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